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Interlayer bond polarizability model for interlayer
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Raman scattering provides essential insights into phonons, electronic structures and electron–phonon

coupling within solids through the intensity of Raman peaks, which cannot be easily quantified using the

classical bond polarizability model. The interlayer bond polarizability model (IBPM) had been developed

to understand the Raman intensity of layer-breathing modes (LBMs) in two-dimensional materials.

However, the quantitative understanding of the LBM intensity of a van der Waals heterostructure (vdWH)

remains challenging. Here, in polynary vdWHs comprising twisted multilayer graphene (tMLG), MoS2 and

hBN, we observed a series of LBMs, whose intensity is markedly dependent on the excitation energy and

twist angle of the tMLG constituent. An improved IBPM is proposed to quantitatively understand the

Raman intensity of LBMs in the tMLG-based vdWHs, including the emergence or absence of a specific

LBM when the excitation energy is resonant with the electronic states of tMLG or MoS2 constituents. This

work underscores the significant potential of the improved IBPM in accurately understanding and predict-

ing the intensity profile of LBM in polynary vdWHs, even for the case of Raman scattering with excitation

energies selectively resonant with the electronic states of the corresponding specific constituents.

1. Introduction

Raman scattering is one of the most important effects arising
from the interaction between photons, electrons and quasi-
particles (e.g., phonons), which has been extensively studied
and is an efficient and non-destructive analytical technique.1,2

A rigorous quantitative analysis of relative intensities in
Raman scattering provides foundational insights into elec-
tronic structures, and electron–phonon coupling (EPC) in
solids.3–5 According to the classical theory of Placzek approxi-
mation in solids,3,6 Raman scattering of phonons results from
the fluctuations in polarizability caused by lattice vibrations.
Nowadays, with the development of advanced first-principles
density functional theory (DFT) calculations, highly precise fre-
quency and atomic displacement patterns for phonon modes
in crystals can be obtained. However, in contrast to the purely
vibrational calculation on phonon frequency, the quantitative
calculation of Raman intensity is extremely complex.7 The

empirical bond polarizability model had been introduced to
predict the Raman intensities of various materials, e.g., fuller-
enes, graphene ribbons and two-dimensional materials
(2DMs).5,7–12 In this model, the Stokes Raman intensity I is
proportional to the square of the change of the system’s polar-

izability (Δα) as follows:5,10–12 I / nq þ 1
ωq

Δαj j2, where nq and

ωq are the phonon occupation according to Bose–Einstein stat-
istics and peak position of the corresponding phonon mode,
respectively. Δα is the sum of the polarizability change of the
corresponding system.

In general, the polarizability can be approximated by the
sum of individual bond polarizability from all the bonds in a
unit cell.7,10,12 It becomes complex for a large size of a unit cell
with many atoms. In this case, the quantitative determination
of total polarizability change becomes computationally inten-
sive and less accurate.7 Encouragingly, within the domain of
two-dimensional materials (2DMs) and binary van der Waals
heterostructures (vdWHs), the bond polarizability model can
be significantly simplified when discussing their unique inter-
layer phonons13,14 which are important indicators of interface
coupling and stacking order.5,12 For the interlayer phonon in
2DMs or binary vdWHs, each layer vibrates rigidly and thus it
can be simplified as a single rigid body, where the structural
details within each layer can be generally omitted.13,14 Since
the bonds within each layer (intralayer bonds) are not com-
pressed/stretched for the interlayer vibrations, they do not con-
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tribute to the change of the polarizability induced by interlayer
phonons.12 Such an empirical method for interlayer phonons
is referred to as the interlayer bond polarizability model
(IBPM). Note that interlayer phonons in 2DMs can be divided
into the shear mode (S) and layer-breathing mode (LBM),
according to the relative motion direction of adjacent rigid
layers, either perpendicular or parallel to their normal.13,14 In
particular, the S modes and LBMs of vdWHs possess totally
different characteristics. For instance, the S modes are usually
localized within specific constituents because of the absence
of an overall in-plane restoring force at the interface,15 but the
LBMs involve the contribution from all the layers in the
vdWH.5,16,17 Previous studies on IBPM have shown its avail-
ability to predict the Raman intensity of S modes and LBMs in
2DMs and binary vdWHs, e.g. transition metal chalcogenides
(TMDs), graphene flakes, and hBN/WS2 vdWHs.5,10–12

At present, the most advanced optoelectronic devices based
on 2DMs are usually polynary systems. Besides the functional
layers, the electrode, substrate and encapsulated layers can
also be involved together to improve the device performance.
The interfacial coupling between the adjacent constituents of
these layers is crucial to the device performance. Since the LB
vibration is extended to the whole vdWH, the LBM can be used
as a fingerprint to probe the interfacial coupling by its peak
position and Raman intensity.18 Therefore, improving IBPM to
quantitatively evaluate the LBM intensity is a critical issue for
optoelectronic devices based on polynary vdWHs.
Furthermore, graphene layers had been widely used as an elec-
trode for vdWH-based optoelectronic devices, or as a wafer for
van der Waals epitaxy toward high quality semiconductor
films.19 Twisted multilayer graphene (tMLG) is a special vdWH
and offers a unique opportunity to manipulate its band struc-
ture by changing its stacking order and twist angle (θt).

15,20,21

For example, its van Hove singularities (VHSs) in the joint elec-
tronic density of states (JDOS) can be tuned across a broad
energy spectrum by varying θt.

22,23 Such tunability of VHSs in
tMLG holds substantial potential for tunable optoelectronic
devices.24 Therefore, compared with the IBPM under non-res-
onant conditions, it is also necessary to improve the IBPM to
understand well the LBM intensity of tMLG-based polynary
vdWHs once the excitation energy is resonant with the VHS
transition energy of tMLG.

Here, tMLG-based polynary vdWHs, e.g., tMLG/MoS2
vdWHs, show a series of LBMs, exhibiting strong coupling
with the electronic states confined within MoS2 or tMLG con-
stituents. The Raman intensity profiles of the LBMs is sensi-
tive to the θt of tMLG. Similar results are also present in other
ternary vdWHs (e.g. hBN/tMLG vdWHs) and quaternary
vdWHs (e.g. hBN/tMLG/MoS2 vdWHs). By considering the con-
tribution from multiple interfaces and the resonance from
VHSs of JDOS in standalone 2DM and tMLG flakes, we
improve the IBPM of standalone 2DM flakes to tMLG-based
polynary vdWHs to understand the intensity profile of the
corresponding LBMs. The improved IBPM can well reproduce
the intensity profiles of the LBMs observed in tMLG-based
polynary vdWHs, e.g., tMLG/MoS2, hBN/tMLG and hBN/tMLG/

MoS2. The emergence and absence of a specific LBM is also
understood via the improved IBPM by considering the corres-
ponding atomic displacements. This study exhibits the poten-
tial of the improved IBPM to theoretically predict the intensity
profiles of LBMs in polynary vdWHs.

2. Experimental section
2.1. Sample preparation

Few-layer graphene, MoS2, and hBN flakes were mechanically
exfoliated from the corresponding bulk crystals onto 90 nm
SiO2/Si substrates. The layer number (N) of few-layer graphene
(N < 5) flakes was identified by analyzing the line shape of the
2D peak,25 whereas those of hBN and MoS2 flakes were distin-
guished using peak positions of the interlayer phonons5,14 in
hBN-based vdWHs and standalone MoS2 flakes, respectively.
For the heterostructure fabrication, a nail polish-coated polydi-
methylsiloxane (PDMS) block mounted on a glass slide was
utilized to pick up and release 2DMs.26,27 The vdWHs were
meticulously constructed layer by layer in specific order, by
employing a nanomanipulator. m-layer (mLG, Bernal stacking
if m > 1) and n-layer (nLG, Bernal stacking if n > 1) flakes were
assembled with a twist angle (θt) to create a (m+n)-layer twisted
system, denoted as t(m+n)LG(θt). Here, θt can be determined
by the R mode frequency of twisted multilayer graphene.21

Moreover, m-layer hBN and n-layer MoS2 were abbreviated as
mL-hBN and nLM, respectively. Following this notation, t(m+n)
LG(θt)/kLM indicates a vdWH constructed with t(m+n)LG(θt)
and k-layer MoS2. A large lattice mismatch between graphene
and MoS2 makes the moiré superlattices absent at the
graphene/MoS2 interface. Thus, the twisted angle between
tMLG and MoS2 is not intentionally fixed during the fabrica-
tion process. All the fabricated samples were subjected to
annealing under vacuum conditions (approximately 10−7 hpa)
at 300 °C for 2 hours to achieve an ideal interfacial coupling in
vdWH. Optical images and AFM images of the samples are
available in section I of the ESI.†

2.2. Raman measurements

Raman spectra were measured under a backscattering con-
figuration at room temperature with a Jobin–Yvon HR800
Raman system, equipped with a liquid-nitrogen-cooled charge-
coupled device (CCD) and a 100× objective (NA = 0.90). The
excitation energies are 2.71 eV, 2.54 eV and 2.41 eV from Ar+

laser, 2.33 eV from a diode-pumped-solid-state laser, 2.18 eV,
2.08 eV and 2.02 eV from a C-wave GTR laser (HÜBNER
Photonics GmbH), and 1.96 eV from a He–Ne laser. 2400 lines
per mm grating was used in Raman measurements to obtain
high spectral resolution. The laser plasma lines were removed
using a BragGrate bandpass filter from OptiGrate Corp., and
the Rayleigh line was suppressed using three BragGrate notch
filters (OptiGrate Corp.), which enable the measurement limit
down to 5 cm−1 for each excitation energy.13,14
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3. Results and discussion
3.1. Observation and assignment of LBMs in tMLG-based
vdWHs

At first, we reveal the Raman characteristic features of typical
vdWHs that were constructed with MoS2, t(m+n)LG and hBN
flakes, as shown in Fig. 1(a). Fig. 1(b) shows the Raman
spectra of 2LM, t(3+1)LG(13°), t(3+1)LG(13°)/2LM, t(2+1)LG
(13°), t(2+1)LG(13°)/2LM, 44L-hBN/t(2+1)LG(15°) and 44L-
hBN/t(2+1)LG(15°)/2LM under excitation with energy (Eex) of
2.33 eV. Intralayer phonon modes of each constituent appear
in the high-frequency region (>150 cm−1), including the A1g
and E1

2g modes of 2LM, and the G and R modes of t(m+n)LG.
The corresponding Raman spectra of the vdWH nearly repli-
cate the sum of those typical intralayer modes observed in
each constituent since the interfacial coupling is significantly
weaker than the intralayer bonding. Additionally, the interlayer
modes including S and LBMs emerge in the low-frequency
region (<150 cm−1). For an in-plane isotropic 2DM with N rigid
layers, there are N − 1 degenerate S modes and N − 1 LBMs,
which are denoted as SN,N−i and LBMN,N−i (i = 1, 2,…, N − 1),
respectively, where the SN,1 (LBMN,1) (i.e., i = N − 1) is the one
with the highest frequency and SN,N−1 (LBMN,N−1) (i.e., i = 1) is
the one with the lowest frequency. The S mode of 2LM (S2,1) is
observed at 22.5 cm−1. The shear mode has previously been
referred to as the C mode in graphene-based materials
because it was first observed in AB-stacked multilayer gra-
phene as a direct measurement of the interlayer coupling.13 To
distinguish the shear modes of tMLG from those of other 2DM
constituents or flakes, here we denote the shear modes in
tMLG as C modes. Therefore, the C2,1 mode in t(2+1)LG and

the C3,1 and C3,2 modes in t(3+1)LG are observed at 31.8 cm−1,
36.8 cm−1 and 21.8 cm−1, respectively. The S or C modes of the
corresponding constituents are also present in tMLG-based
ternary and quaternary vdWHs, almost at the identical peak
positions to those of 2LM and tMLG. The shear vibrations
remain localized within specific constituents due to the negli-
gible shear coupling at the interface of vdWHs.15 However, the
LBMs observed in ternary and quaternary vdWHs exhibit
different peak positions from those of standalone 2LM and
t(m+n)LG. In particular, according to previous reports,5,18 stan-
dalone mL-hBN exhibits no observable LBMs due to the extre-
mely weak EPC strength when subjected to visible laser exci-
tation. However, based on the cross-dimensional EPC effect,5 a
series of LBMs are experimentally observed in the low fre-
quency region in 44L-hBN/t(2+1)LG(15°) and 44L-hBN/t(2+1)
LG(15°)/2LM, whose atomic displacements involve all the
layers of the corresponding vdWH, including 44L-hBN, t(2+1)
LG and 2LM constituents. The corresponding Raman spectra
exhibit ripple-like intensity profiles.

The linear chain model (LCM) has been widely used to
predict the frequencies of the S modes and LBMs in 2DMs and
vdWHs, where only the nearest-neighbor interaction between
adjacent rigid layers is considered.5,13–17 However, the
improved linear chain model (2LCM) considering the inter-
action between second nearest-neighbor graphene layers is
necessary to predict the LBMs in multilayer graphene (MLG),
t(m+n)LG and related vdWHs.5,16–18 Based on the 2LCM, we
calculated the LBM frequencies of t(3+1)LG, t(3+1)LG/2LM, t(2
+1)LG, t(2+1)LG/2LM, 44L-hBN/t(2+1)LG and 44L-hBN/t(2+1)
LG/2LM vdWHs using the previously reported force con-
stants,18 and have shown the calculated data in Fig. S2 of the

Fig. 1 (a) Structural schematic of typical vdWHs that are assembled by MoS2, t(m+n)LG and hBN. (b) Raman spectra of 2LM, t(3+1)LG(13°), t(3+1)LG
(13°)/2LM, t(2+1)LG(13°), t(2+1)LG(13°)/2LM, 44L-hBN/t(2+1)LG(15°) and 44L-hBN/t(2+1)LG(15°)/2LM under excitation of a 2.33 eV laser. (c) S(C)
modes and LBMs of t(3+1)LG(13°)/2LM measured under different HRRS configurations excited by a 2.41 eV laser.
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ESI.† The theoretical results (circles in Fig. S2 of the ESI†) are
in good agreement with the experimental values (crosses in
Fig. S2 of the ESI†). More exactly, the LB force constant
between graphene and MoS2 is α⊥(Gr/M) = 5.68 × 1019 N m−3.
The LB force constant between graphene and hBN is α⊥(Gr/
hBN) = 7.83 × 1019 N m−3. α⊥(Gr/M) is insensitive to the
twisted angle between graphene and MoS2 because moiré
superlattices at the Gr/MoS2 interface do not exist due to a
large lattice mismatch between the two constituents.17,18

α⊥(Gr/M) and α⊥(Gr/hBN) are comparable with those of MoS2
(α⊥(M)=8.65 × 1019 N m−3) and graphene (α⊥(Gr) = 10.7 × 1019

N m−3) flakes. This makes lattice vibrations associated with
the LBMs to well extend over the entire layers of the vdWHs.
Thus, in contrast to the S modes, the peak positions of the
LBMs in vdWHs are distinct from those of standalone 2LM
and t(m+n)LG.

According to crystal and phonon symmetry analysis of
2DMs and vdWHs,28 the LBMs are helicity-conserved, while
the S modes experience helicity changes. The helicity resolved
Raman scattering (HRRS) experiments can thus enable the
differentiation of the S modes and LBMs, especially when the
S mode and LBM are overlapped. For example, the weak
LBM6,5 in t(3+1)LG(13°)/2LM can be revealed in the HRRS
experiment under the (σ+,σ+) configuration, as demonstrated
in Fig. 1(c). In contrast, LBM6,5 is so weak that it cannot be dis-
tinguished from the strong C3,2 and S2,1 modes in the Raman
spectra measured under the depolarized configuration
(Fig. 1(b)). Therefore, in order to properly investigate IBPM for
the LBMs in vdWHs, the adoption of the (σ+,σ+) configuration
is significant for the selective detection of LBMs.

3.2. Peculiar resonance mechanism of LBMs in tMLG-based
vdWHs

Figs. 2(a) and (b) show the Raman spectra of 2LM and t(3+1)LG
(13°) under the (σ+,σ+) configuration excited by several Eex, and
the corresponding resonance profiles of the LBMs are depicted in
Figs. 2(c) and (d), respectively. The LBMs in 2LM and t(3+1)LG
(13°) are in resonance with the energy of the C exciton (EC, ∼2.65
eV) in MoS2

30 and the VHS energy of JDOS (EVHS) in t(3+1)LG
(13°) (∼2.3 eV), respectively. It should be noted that the LBM in
4LG is absent in its Raman spectrum due to the weak EPC.13 In
the following, the resonant Raman scattering of t(m+n)LG/kLM
and NLG/kLM (N = m+n) is studied for comparison to reveal how
the resonance properties between LBMs and electronic states
impact the Raman spectrum of vdWHs.

Figs. 2(e) and (f) show the Raman spectra of 4LG/2LM and
t(3+1)LG(13°)/2LM under the (σ+,σ+) configuration excited by
several Eex, and the corresponding resonance profiles of the
LBMs are depicted in Figs. 2(g) and (h), respectively. Because
the strength of the interfacial coupling in t(3+1)LG is identical
to that of the interlayer coupling in 4LG,16 the frequency of the
corresponding LBM in t(3+1)LG(13°)/2LM and 4LG/2LM
should be equal to each other. Indeed, LBM6,4 and LBM6,5 are
observed in the two vdWHs. LBM6,4 exhibits an almost identi-
cal frequency and resonance profile for the two vdWHs.
According to the interlayer displacements, LBM6,4 is mainly

localized within the 2LM constituent and it is denoted as
TMD-like LBM in t(3+1)LG(13°)/2LM and 4LG/2LM vdWHs.
Similar to the cross-dimensional EPC effect in hBN/WS2
vdWHs,5 the resonance profiles of LBM6,4 in t(3+1)LG(13°)/
2LM and 4LG/2LM vdWHs are similar to those of LBM2,1 in
standalone 2LM flakes.

In contrast to the TMD-like LBMs, LBM6,1 and LBM6,2 can
only be observed in t(3+1)LG(13°)/2LM, but not in 4LG/2LM.
Because the interlayer displacements of the LBM6,1 and LBM6,2

are mainly localized in the t(3+1)LG(13°) constituent, the two
LBMs are denoted as Gr-like LBMs. As more atomic layers are
involved in the lattice vibration, the frequency of LBM6,1 in
t(3+1)LG(13°)/2LM is slightly higher than that of LBM4,1 in
standalone t(3+1)LG(13°). However, the resonance profiles of
the two modes are similar to each other due to the cross-

Fig. 2 Resonance behaviour of LBMs. (a and b) Raman spectra of 2LM
(a) and t(3+1)LG(13°) (b) obtained under the (σ+,σ+) configuration. (c and
d) The resonance profiles of LBM2,1 in 2LM (c), LBM4,1 and LBM4,2 in t(3
+1)LG(13°) (d). (e and f) Raman spectra of 4LG/2LM (e) and t(3+1)LG
(13°)/2LM (f) obtained under the (σ+,σ+) configuration. (g and h) The
resonance profiles and interlayer displacements of TMD-like LBM such
as LBM6,4 (g), Gr-like LBMs including LBM6,1 and LBM6,2 (h). The Raman
experiments under discrete excitation energies in (c and d) and (g and h)
are normalized by the E1 mode of quartz (at ∼127 cm−1) to eliminate the
efficiency difference of CCD under different excitation energies.5,16,29

“*” in (a and e) indicates the residual S mode signal.
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dimensional EPC effect in t(3+1)LG(13°)/2LM. More LBMs
present in t(3+1)LG(13°)/2LM indicate that one can selectively
activate the LBMs in a vdWH by engineering its constituents
via the coupling between the phonons of the vdWH and elec-
trons of its constituent. In addition, one can manipulate the
Raman intensity profile of the LBMs by the tuning electronic
structure of the t(m+n)LG constituent with changing θt, as EVHS

in t(m+n)LG is sensitive to θt.
21

Because the electronic structure of t(m+n)LG is very sensi-
tive to its θt,

15,16 it is expected that the intensity of the LBMs in
t(m+n)LG/kLM vdWHs can be tuned by selecting an appropri-
ate Eex to match EVHS of the t(m+n)LG constituent via the
cross-dimensional EPC effect.5 Here, we focus on two samples
of t(2+1)LG(13°)/2LM and t(2+1)LG(17°)/2LM. The previous
work also shows that EVHS of t(m+1)LG (m > 1) exhibits a
broader range around that of t(1+1)LG.15 According to the pre-
vious report on EVHS of t(1+1)LG,21 Eex of 2.33 eV and 2.71 eV
can match EVHS of t(2+1)LG(13°) and t(2+1)LG(17°)
constituents, respectively. Based on the above analysis, 2.33 eV
and 2.71 eV were chosen to excite the Raman spectra of t(2+1)
LG(13°)/2LM and t(2+1)LG(17°)/2LM, as shown in Figs. 3(a)
and (c) for the LBMs under the helicity-resolved (σ+, σ+)
configuration.

When Eex is not resonant with EVHS of the t(2+1)LG con-
stituent of the two vdWHs, LBM5,1 cannot be clearly observed
in the Raman experiment, while LBM5,4 and LBM5,3 of the two
vdWHs exhibit similar intensity profiles (red curves in Figs.
3(a) and (c)). In contrast, when Eex is resonant with EVHS of the
t(2+1)LG constituent, i.e., t(2+1)LG(17°)/2LM and t(2+1)LG
(13°)/2LM are excited by 2.71 eV and 2.33 eV, respectively, the
two vdWHs exhibit some peculiar spectral features: (i) LBM5,1

can be clearly observed in both vdWHs. The intensity of
LBM5,1 even exceeds that of LBM5,3 when t(2+1)LG(13°)/2LM is
excited by 2.33 eV. (ii) LBM5,4 is too weak to be recognizable in
t(2+1)LG(13°)/2LM. These results indicate that it is an effective
way to selectively manipulate the intensity profile of LBMs in
tMLG-based vdWHs by θt of tMLG.

3.3. Improved IBPM for tMLG-based ternary vdWHs

To quantitatively comprehend the above Eex-dependent spec-
tral features in t(2+1)LG/2LM vdWHs, we then improved IBPM
of LBMs in standalone 2DM flakes5,10,12 for the case of polyn-
ary vdWHs. According to the classical theory of Placzek
approximation, the Raman intensity of a phonon mode q
under the non-resonant condition is:7,31

I qð Þ / nq þ 1
ωq

es � R qð Þ � eTi
�� ��2

¼ nq þ 1
ωq

X
μν

ei;μes;νΔαμν qð Þ
�����

�����
2 ð1Þ

where nq and ωq are the phonon occupation according to
Bose−Einstein statistics and peak position of the corres-
ponding phonon mode, respectively, R(q) is the Eex-indepen-
dent Raman tensor of the phonon mode q, subscripts μ and ν

indicate Cartesian components (x, y or z) of the tensor, and ei
and es are the unit vectors for the polarization of the incident
and scattered light, respectively. Δαμν (q) is the so-called
Raman tensor element, which is strongly associated with the
change of the system polarizability caused by the corres-
ponding lattice vibration.10 It can be obtained by differentiat-
ing each component of the polarizability tensor with respect to
the atomic displacements from the equilibrium position:10

Δαμν qð Þ ¼
X
jγ

@αμν
@rjγ

� �
0

Δrjγ qð Þ

¼
X
jγ

α′jγ;μν � Δrjγ qð Þ
ð2Þ

where rjγ is the position of atom j along the direction γ (x, y or

z) in equilibrium,
@αμν
@rjγ

� �
0

¼ α′jγ;μν is the derivative of the elec-

tronic polarizability tensor element αμν with respect to the
atomic displacements from the equilibrium configuration, Δrjγ
is the atomic displacement of atom j along γ direction. In
general, when one analyzes the atomic displacements of a
vibration mode, bond strengths and directions of all the atoms
within a large size of a unit cell with many atoms are involved.
Thus, the quantitative determination of total polarizability

Fig. 3 Manipulating Raman intensity profile of LBMs by tuning the rela-
tive energy difference between EVHS of t(2+1)LG and EC of 2LM. (a and b)
Experimental results under the (σ+,σ+) polarization configuration and
theoretical simulation by vdWH-based IBPM of t(2+1)LG(17°)/2LM. (c
and d) Experimental results and theoretical simulation by vdWH-based
IBPM of t(2+1)LG(13°)/2LM. The insets and fitting parameters in both (b)
and (d) show the schematic diagram of vdWH-based IBPM established
for the corresponding vdWH. “*” indicates the residual S modes under
the (σ+,σ+) polarization configuration. (e) Interlayer displacements of
LBMs in t(2+1)LG/2LM.
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change is computationally intensive,7 leading to a challenge in
quantitative prediction of the corresponding Raman intensity.

Fortunately, it is easy to estimate the polarizability change
of layered materials induced by the atomic displacements of
interlayer phonon vibrations from the equilibrium
position.10,12 Detailed analysis12 shows that the Raman tensor
elements Δαμν (q) are directly connected with the equili-
brium configuration bond vector normalized to unity, the
bond length in equilibrium, and the radial derivatives of
the bond polarizabilities with respect to the bond length.
For an interlayer mode in standalone 2DM flakes, only the
bonds between the layers (interlayer bonds) are altered
during such a vibration, leading to the polarizability
change. In this case, the total change of the system polar-
izability by the interlayer vibration is a sum of the changes
of each layer (denoted as i), which is the product of the
derivative ð~α′i;μνÞ of the system polarizability with respect to
the interlayer displacements of the i layer and its displace-
ment ðΔ~riÞ from the equilibrium position, i.e.,
Δαμν ¼

P
i
~α′i;μν � Δ~ri ¼

P
i
ðα′ix;μνΔrix þ α′iy;μνΔriy þ α′iz;μνΔrizÞ,

where α′ix,μν (or α′iz,μν) is the polarizability derivative with
respect to the ith layer’s displacement along the x (or z)
direction, and (Δrix) (or Δriz) is the ith layer’s displacement
along the x (or z) direction in the interlayer vibration (x
for the shear modes and z for the LBMs). Further ana-
lysis12 directly shows that ~α′i;μν can be determined by the
interlayer bonds (length and direction), and interlayer bond
polarizability.

For standalone 2DM flakes and the corresponding vdWHs,
the LBMs can only be observed in parallel linear- and circular-
polarization configurations, and their Raman tensor has a
concise form:14

A ¼
Δαxx 0 0
0 Δαyy 0
0 0 Δαzz

2
4

3
5 ð3Þ

where Δαxx = Δαyy. Under helicity-resolved (σ+,σ+) configur-
ation, based on eqn (1), the Raman intensity of LBMs can be
calculated as follows:

I LBMð Þ / nLBM þ 1
ωLBM

Δαxxj j2

¼ nLBM þ 1
ωLBM

X
i

α′iz;xx � Δriz
�����

�����
2 ð4Þ

It is clear that only α′iz,xx and Δriz contribute to the Raman
intensity of the LBM under the (σ+,σ+) configuration. For con-
venience, we denote α′iz,xx and Δriz as α′i and Δzi, respectively,

and therefore, I LBMð Þ/ P
i
α′i � Δzi

����
����
2

. Such an empirical

approach to estimate Raman intensity of the LBMs is referred
to as the IBPM.10,12

Under non-resonant conditions, the imaginary part of the
electric polarizability tensor elements can be ignored, so α′i
can be given by real numbers. For a standalone N-layer (N > 2)

2DM flake, the interlayer bond length, the interlayer bond
polarizability and its radial derivative for each interlayer bond
can be treated as constants,10,12 thus, the contribution of all
the interlayer bonds between the layer i and its adjacent layer i
− 1 (or i + 1) to the derivative of the electronic polarizability of
layer i with respect to its atomic displacement from the equili-
brium configuration can also be treated as a constant, denoted
as ηi,i−1 (or ηi,i+1). For an interior layer i (1 < i < N), α′i = ηi,i−1 +
ηi,i+1. Because the interlayer bond strengths between the
interior layer i and its two equivalent adjacent layers are the
same but the bond vectors of their z component are opposite,
the cancellation effect from the two neighboring layers can
result in ηi,i−1 = −ηi,i+1 (1 < i < N), leading to α′i = 0 (1 < i < N).
In contrast, the surface layer (i = 1 or N) has only one adjacent
layer, α′1 (= η1,2) and α′N (= ηN,N−1) usually hold non-zero values
and α′1 = −α′N; thus η1,2 of the standalone N-layer (N > 1) 2DM
flake is an intrinsic parameter of the 2DM. One can denote η1,2
as η(2DM), e.g., η(Gr), η(M), η(BN) for η1,2 of graphene, MoS2
and hBN multilayer flakes, respectively.

Next, we improve IBPM to the case for binary and polynary
vdWHs, in which an interface exists between A and B multilayer
constituents of the vdWH and the adjacent layers of the interface
is the non-equivalent ith and (i + 1)th layers. Accordingly, ηi,i+1
describes the contribution of all the interlayer bonds between the
layer i in constituent A and its adjacent (i + 1) layer in constituent
B to the derivative of the electronic polarizability of layer i with
respect to its atomic displacement from the equilibrium configur-
ation. It is an intrinsic parameter for the interface between A and
B constituents, which can be denoted as η(I). It should be noted
that ηi+1,i = −ηi,i+1 = −η(I). η(I) is usually different from η(A) and
η(B), leading to non-zero α′i (= −η(A) + η(I)) and α′i+1 (= −η(I) + η(B))
for the layers adjacent to the interface. In particular, t(m+n)LG is a
special vdWH, α′m should be non-zero because of the two non-
equivalent graphene layers adjacent to the interface, i.e., ηm,m+1 =
η(I), ηm+1,m = −η(I). Here, η(I) is usually not equal to η(Gr). Based
on this point, t(2+1)LG/2LM is actually a ternary vdWH.

Under the resonant Raman conditions, α′i is also depen-
dent on the band structure of the corresponding constituent,
exhibiting Eex dependence. In this case, one cannot neglect the
imaginary term of the electric polarizability tensor elements.
Thus, η for the constituents and interface should be a complex
value. According to above improved approach, in the t(2+1)LG/
2LM vdWH, the α′i of each layer can be simply described by α′1
= η(M), α′2 = −η(M) + a(I1), α′3 = −η(I1) + η(I2), α′4 = −η(I2) +
η(Gr), α′5 = −η(Gr), where η(I1) and η(I2) are parameters for the
interface of MoS2/graphene and graphene/graphene, respect-
ively. Finally, the total change of polarizability of the system
for the LBM is given by:

Δα ¼Δαxx ¼
X
i

α′i � Δzi

¼ η Mð Þ Δz1 � Δz2½ � þ η I1ð Þ Δz2 � Δz3½ �
þ η I2ð Þ Δz3 � Δz4 þη Grð Þ� ½Δz4 � Δz5½ �

ð5Þ

The complex value η can be denoted as η = |η|eiφ. Based on
the above IBPM, we set |η(M)| = 1 as a fixed parameter and fit
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the corresponding Raman intensity profile of all the LBMs in
the vdWH. The fitted moduli for each η are listed in the
Table 1. The fitted φ(I2) is π, and φ(I1), φ(Gr) and φ(M) are 0.
|η(Gr)| and |η(I2)| are dependent on Eex, illustrating how the
resonance behavior of the LBM affects its modulus and the
phase of the corresponding Raman tensor.

3.4. Understanding the LBM intensity profile for tMLG-based
ternary vdWHs

Now, we explain the Raman spectra of the two t(2+1)LG/2LM
vdWHs in Figs. 3(a) and (c) based on the improved IBPM in
detail. When the Eex is not resonant with the EVHS of t(2+1)LG
constituent, i.e., 2.33 eV-excited t(2+1)LG(17°)/2LM and 2.71 eV-
excited t(2+1)LG(13°)/2LM (red curves in Figs. 3(a) and (c)), the
fitted |η(I2)| and |η(Gr)| are zero, thus the total change of polariz-
ability for all the LBMs is mainly contributed by the MoS2 con-
stituent and the corresponding interface. According to the eqn
(5), the total change of polarizability for LBM5,1 is negligible due
to its localized atomic displacement within the t(2+1)LG constitu-
ent (Δz1 − Δz2 ∼ 0), leading to undetectable intensity in Raman
spectra. As for LBM5,3 and LBM5,4, the normalized |η(I1)| to |η(M)|
is the same for the two vdWHs. According to the eqn (5), LBM5,4

and LBM5,3 exhibit similar intensity profiles, as indicated by the
fitting in Figs. 3(b) and (d).

When Eex is resonant with EVHS of the t(2+1)LG constituent,
i.e., 2.71 eV-excited t(2+1)LG(17°)/2LM and 2.33 eV-excited t(2
+1)LG(13°)/2LM, |η(Gr)| and |η(I2)| reach their maximum
values. Under this condition, the polarizability change caused
by the lattice vibrations related with graphene layers is crucial.
For LBM5,1, its atomic displacement is mainly confined in the
t(2+1)LG constituent, leading to positive Δz4 − Δz5 and nega-
tive Δz3 − Δz4. In principle, this cancellation effect would
result in weak intensity for LBM5,1. However, resonant exci-
tation of the t(2+1)LG constituent leads to different phases
between φ(Gr) and φ(I2), i.e., φ(Gr) = 0, φ(I2) = π. Therefore,
LBM5,1 becomes observable for resonantly excited t(2+1)LG
constituent in the two vdWHs. Particularly, LBM5,1 reaches
maximum intensity relative to LBM5,3 for 2.33 eV-excited t(2+1)
LG(13°)/2LM because its |η(Gr)| and |η(I2)| are even larger than
|η(M)|.

Next, we turn to LBM5,4. Its intensity depends on the sum
of η(M)[Δz1 − Δz2] + η(I1)[Δz2 − Δz3] and η(I2)[Δz3 − Δz4] +
η(Gr)[Δz4 − Δz5]. The latter term possesses an opposite sign to
the former term for the resonant case of the t(2+1)LG constitu-

ent based on the fitted η(M), η(Gr), η(I1) and η(I2). This cancel-
lation effect is slightly different for the two vdWHs: in 2.71 eV-
excited t(2+1)LG(17°)/2LM, |η(M)| is much larger than |η(I2)|
and |η(Gr)|, the cancellation effect is not so strong that LBM5,4

can be recognized in the Raman spectrum. However, in 2.33
eV-excited t(2+1)LG(13°)/2LM, the larger |η(I2)| and |η(Gr)|
than |η(M)| makes the total change of polarizability to be very
small, leading to very weak LBM5,4 consistent with the
undetectable LBM5,4 in the experiment.

The different spectral features of LBM5,1 and LBM5,4 in the
two vdWHs reveal that the derivative of the electronic polariz-
ability of the constituent can be manipulated by its resonance
conditions. Moreover, the resonance condition of one constitu-
ent can modulate the derivative of the electronic polarizability
of its atomic layer near the interface and further modify the
corresponding derivative of the electronic polarizability of
adjacent atomic layer in other constituents. This opens the
possibility that interlayer phonon spectra can be manipulated
by selecting the excitation energy to match the transition
energies of specific constituents. One can notice that |η(Gr)|
and |η(I2)| of t(2+1)LG(17°)/2LM are different from those of t(2
+1)LG(13°)/2LM under the same Eex, respectively. This means
that the fitted |η| for the specific constituent and interface is
an indication of resonance conditions for the corresponding
constituent in the vdWHs.

3.5. Generalizing the improved IBPM to polynary vdWHs

As mentioned above, standalone mL-hBN exhibits no observa-
ble LBM due to its extremely weak EPC strength.18 However,
when t(m+n)LG is stacked beneath the hBN flakes, e.g., 24L-
hBN/t(1+1)LG(17°), the LBMs of vdWH are significantly
enhanced, displaying uniformly distributed Raman intensities
across a wide spectral range when the Eex matches EVHS of the
t(1+1)LG constituent, as depicted in Fig. 4(a). Furthermore, by
introducing a monolayer MoS2 as the bottom layer to form
24L-hBN/t(1+1)LG(17°)/1LM, the corresponding Raman spec-
trum exhibits a striking difference compared to the original
one of 24L-hBN/t(1+1)LG(17°), i.e., the disappearance of LBMs
in the frequency range of 50–80 cm−1, as illustrated in
Fig. 4(a). Fig. 4(b) presents a comparison of the IBPM for the
two vdWHs. By setting |η(I2)| = 1.0, the experimental curve of
24L-hBN/t(1+1)LG(17°) can be simulated well by the fitting
parameters of |η(BN)| = 0 and |η(I3)| = 0.05, as shown in
Fig. 4(c). However, to properly reproduce the experimental
curve of 24L-hBN/t(1+1)LG(17°)/1LM by the IBPM, an
additional parameter |η(I1)| = 0.05 is necessary for the inter-
face between graphene and MoS2, and the determined phases
for η(I1), η(I2) and η(I3) are zero. Careful check reveals that the
disappearance of the LBMs in the frequency range of
50–80 cm−1 results from the cancellation effect of Δα induced
by the interfacial coupling between t(1+1)LG and MoS2. This
mechanism is similar to the disappearance of LBM5,4 in t(2+1)
LG(13°)/2LM excited by 2.33 eV.

A similar effect occurs for 44L-hBN/t(2+1)LG(15°) and 44L-
hBN/t(2+1)LG(15°)/2LM. The introduction of 2LM below 44L-
hBN/t(2+1)LG(15°) as the bottom layer results in a different

Table 1 Fitting parameters and resonance conditions (Res. Cond.) of
vdWH-based IBPMs established for t(2+1)LG(17°)/2LM and t(2+1)LG
(13°)/2LM

Res. Cond.

t(2+1)LG(17°)/2LM t(2+1)LG(13°)/2LM

@2.33 eV @2.71 eV @2.71 eV @2.33 eV
– EC &EVHS EC EVHS

|η(Gr)| 0.0 0.15 0.0 1.5
|η(I2)| 0.0 0.25 0.0 2.5
|η(I1)| 0.05 0.05 0.05 0.05
|η(M)| 1 1 1 1
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intensity profile of the LBMs, as depicted in Fig. 4(d). Fig. 4(e)
shows the IBPM diagram for the two vdWHs. To produce the
intensity profile of the LBMs for the corresponding vdWHs by
the IBPM, the fitted phase is φI2 = π, and the fitted ratio is
|η(I2)|/|η(Gr)| = 5/3, which are in good agreement with the case
for t(2+1)LG/2LM in Figs. 3(a) and (c). All the fitted parameters
are depicted in Table 2 for 44L-hBN/t(2+1)LG(15°) and the
corresponding simulated spectra are shown in Fig. 4(f ), which
exhibit consistency with the experimental findings.

Finally, we check the case of quaternary vdWH, 44L-hBN/t(2
+1)LG(15°)/2LM excited by Eex = 2.54 eV (resonant with EC of
2LM), and similarly, we set |η(M)| = 1. The incorporation of
2LM to 44L-hBN/t(2+1)LG(15°) results in a different intensity
profile of the LBMs, as depicted in Fig. 4(d). It can be repro-
duced well by the improved IBPM (Fig. 4(e)), as shown in
Fig. 4(f ), and the corresponding fitting parameters are sum-
marized in Table 2. It is found that the fitted ratio between
|η(I2)| and |η(Gr)| is also equal to 5/3, consistent with the pre-

vious result in Fig. 3. This further indicates that the improved
IBPM can be applied to tMLG-based polynary vdWHs up to
three interfaces.

It should be noted that the EVHS of t(1+1)LG(17°) and t(2+1)
LG(15°) are comparable to EC of 2LM. When the excitation
energy is chosen to match EVHS of t(1+1)LG(17°) and t(2+1)LG
(15°), resonance Raman scattering can occur for both MoS2
and tMLG constituents, resulting in rich LBMs over a wide
spectral range 0–120 cm−1.

The above discussions indicate that, for a given polynary
vdWH, the improved IBPM model and the corresponding
fitting parameters are determined. However, the resonance
conditions of each constituent can significantly modify the
values of the fitting parameters in the improved IBPM model,
leading to dramatically different intensity distributions for the
observed LBMs. Therefore, one can delineate the resonance
information of each constituent according to the fitted |η|
parameters for the observed LBMs in polynary vdWHs.

4. Conclusions

This study presents a comprehensive investigation of the
Raman intensity profile and resonance behaviors of LBMs in
tMLG-based polynary vdWHs, through leveraging the reso-
nance Raman technique and helicity-resolved Raman scatter-
ing. The LB phonons exhibit strong coupling with the elec-
tronic states confined in specific constituents and we proposed
an improved IBPM by considering the contribution from mul-
tiple interfaces and the resonance from VHSs of JDOS in stan-
dalone 2DM and tMLG flakes, to comprehensively understand

Fig. 4 vdWH-based IBPM to mL-hBN/t(m+n)LG and mL-hBN/t(m+n)LG/kLM. (a) Raman spectra and (b) the corresponding schematics of vdWH-
based IBPMs for 24L-hBN/t(1+1)LG(17°) and 24L-hBN/t(1+1)LG(17°)/1LM vdWHs. (c) Intensity profile of LBMs simulated by vdWH-based IBPMs. (d)
Raman spectra and (e) the corresponding schematics of vdWH-based IBPMs for 44L-hBN/t(2+1)LG(15°) and 44L-hBN/t(2+1)LG(15°)/2LM vdWHs. “*”
indicates the residual S(C) modes. (f ) Calculated relative intensities of LBMs. The experimental results in (a) and (d) are demonstrated under the
(σ+,σ+) configuration.

Table 2 Fitting parameters of vdWH-based IBPMs established for
polynary vdWHs mL-hBN/nL-tMLG/kLM [m,n,k]

mL-hBN/nL-tMLG/kLM [m,n,k]

[24,t(1+1),0] [24,t(1+1),1] [44,t(2+1),0] [44,t(2+1),2]

|η(BN)| 0 0 0 0
|η(I3)| 0.05 0.05 0.05 0.05
|η(Gr)| — — 0.6 0.3
|η(I2)| 1 1 1 0.5
|η(I1)| — 0.05 — 0.05
|η(M)| — — — 1
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the intensity profiles of LBMs in resonance/non-resonance
Raman scattering. The simulated results reproduce well the
intensity profiles of LBMs in tMLG-based ternary and quatern-
ary vdWHs, which are sensitive to the excitation energy and
the θt of the tMLG constituent. Our investigation suggests that
the improved IBPM has great potential in understanding and
predicting the relative intensity of LBMs in polynary vdWHs,
also offering a novel avenue to manipulate the Raman inten-
sity profile of LBMs.
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