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ABSTRACT: Half-wave plate (HWP) has been widely utilized in angle-
resolved polarized Raman (ARPR) spectroscopy to assign Raman modes and
to characterize the crystallographic orientations of anisotropic materials.
Achromatic HWPs are commonly employed to control the polarization
directions of the incident and Raman-scattered light over a wide spectral
range. In most cases, achromatic HWPs cannot introduce a precise 180°
retardance across the operating wavelength range. However, the impact of
inherent retardance error from the ideal 180° retardance of the achromatic
HWPs on the ARPR intensity profile remains unclear. In this study, we
present a full understanding of the distinct ARPR intensity profiles of black
phosphorus (BP) flakes measured with achromatic and zero-order HWPs
under different polarization configurations based on the corresponding Jones
matrices. A methodology to determine the unknown retardance of a HWP is

proposed by fitting the ARPR intensity profiles of the A; mode in BP flakes. The results show that a HWP with as little as just over

10° in retardance error can lead to pronounced non-centrosymmetric ARPR intensity profiles; however, a HWP with retardance
error less than 5° for both the incident and Raman-scattered light can be utilized in the ARPR measurements to acquire accurate and
reliable ARPR intensity profile for in-plane anisotropic layered materials. Finally, we found that the configuration with a half-wave
plate in the incident optical path is not desirable to unveil the quality of half-wave plates, as the ARPR intensity profile is insensitive
to the retardance error. This work reveals the importance of selecting appropriate polarization configuration and proper HWP with a
small retardance error to obtain reliable results of ARPR spectroscopy for anisotropic materials.
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B INTRODUCTION the polarization states of light, a zero-order half-wave plate
(ZHWP) is specially designed for a specific wavelength with a
perfect o of 180°. Therefore, the ZHWP is generally not
compatible for both incident and Raman-scattered light due to
their different wavelengths. Additionally, the frequent replace-
ment of ZHWPs is both inconvenient and inefficient to perform
multi-wavelength ARPR measurements. To address this issue,
an achromatic half-wave plate (AHWP) is an optimal choice for

ARPR measurements, as it is supposed to keep a close to 180°
14,

In-plane anisotropic layered materials (ALMs) present a
distinctive avenue for manipulating physical properties, due to
their inherent in-plane structural anisotropy.' ~° This anisotropy
emphasizes their indispensable role in various optoelectronic
devices, especially photodetectors and sensors.”” ' Angle-
resolved polarized Raman (ARPR) spectroscopy serves as a
cornerstone for understanding intricacies of ALMs, which is
widely employed for Raman peak assignment,'' crystal
orientation'*™*> and intrinsic Raman tensor’" determination,
and anisotropic electron—phonon interaction investiga-
tion."””~"” Consequently, the experimental acquisition of the
intrinsic ARPR intensity profile becomes imperative to ensure
proper characterization and analysis of ALMs.

Half-wave plate (HWP), a commonly used birefringent

over a broad wavelength range. 2023 However, in this
wavelength range, AHWP inevitably exhibits retardance error
(Aa) for both the incident and Raman-scattered light in the
ARPR measurements, which refers to the discrepancy between

the designed retardance and the actual one for a given

optical element, introduces a relative phase retardance (@) of Received:  October 16, 2024
180° between the light components aligned with its fast and slow Revised: ~ November 14, 2024
axes, effectively flipping the polarization direction along the fast Accepted:  November 18, 2024

axis. Thus, HWPs are frequently utilized in ARPR experiments Published: November 25, 2024

to modify the polarization states of incident light (i.e., laser) and
Raman-scattered light (i.e., Raman signal). To precisely control
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Figure 1. (a) Schematic diagram for ARPR measurements under the parallel polarization configuration, with the HWP positioned in the common
optical path of incident and Raman-scattered light. (b) Crystallographic structure of BP from the side and top views. (c) Raman spectra of BP flakes

with dgp = 103 nm, when ¢; (e,) is along the ZZ and AC axes. Inset shows the atomic displacements for theAé and A; modes. (d) Schematic illustration

of the birefringence and linear dichroism effects within ALM.

wavelength. We show in this work that such Aa could have far
more prominent effects than one might have thought. Therefore,
one must carefully examine whether the AHWP can provide
accurate and reliable ARPR results.”* > Indeed, AHWPs are
widely used in characterizing the optical properties of
anisotropic materials; however, the influence of A on ARPR
intensity profiles has rarely been addressed. Furthermore, it is
essential to clarify the impacts of Aa on the ARPR intensity
profiles of ALMs under different polarization configurations”” to
select a proper polarization configuration for the corresponding
ARPR measurements.

This work has two primary goals: (1) to develop an effective
approach to precisely examine the retardation function a(4) of a
HWP relative to its nominal value at specific wavelength (4); (2)
to achieve accurate information on anisotropic optics and
Raman tensors of ALMs for the case of a HWP with known Aa
as large as being non-ignorable in the ARPR measurements. To
this end, we conduct a detailed analysis of ARPR intensity
profiles of black phosphorus (BP) flakes with different thickness
(dgp). These ARPR intensity profiles were obtained using two
types of HWPs: three ZHWPs designed for three specific
excitation wavelengths and two AHWPs— one with a vendor-
provided Aa(A) curve (AHWP#1), and another one without a
Aa(A) curve (AHWP#2). The measurements were performed
under two commonly adopted polarization configurations. We
found that when the HWP and polarizer are placed within the
common optical path of the incident and Raman-scattered light
(Configuration I), the resulting ARPR intensity profile exhibits
significant sensitive dependence on Aa. Typically, ARPR
intensity profiles are expected to be centrosymmetric. However,
we found HWPs with as little as just over 5% (~10°) in A« can
lead to pronounced non-centrosymmetric ARPR intensity
profiles for theAmeode in BP flakes. This phenomenon can be
adequately explained by the calculation based upon the Jones
matrix of the HWP. Furthermore, the unknown Aa of HWPs
can be efficiently determined by fitting the ARPR intensity
profiles of the A; mode in BP flakes. We also present Aa-
dependent ARPR intensity profiles of bulk BP for three specific
wavelengths, which can serve as a reference for rapidly
evaluating the performance of HWPs. Finally, when the polarizer
and HWP are placed in the incident optical path (Configuration

II), the ARPR intensity profiles of both anisotropic BP and
isotropic MoTe, flakes exhibit less dependence on Aa ,
suggesting the application limit of Configuration II for ARPR
measurements of ALMs.

B METHODS

Sample Preparation. The BP and MoTe, flakes were
exfoliated from their respective bulk materials onto poly-
dimethylsiloxane sheets, and were subsequently transferred onto
90 nm SiO,/Si substrates utilizing the all-dry viscoelastic
stamping method.”® The thickness of BP and MoTe, flakes was
assessed using atomic force microscopy in tapping mode.

Raman Measurements. The Raman spectra were meas-
ured in backscattering geometry by using a Jobin-Yvon HR-
Evolution micro-Raman system equipped with an edge filter and
a charge-coupled device detector. The excitation wavelengths
(Aey) Were 532 nm from a solid-state laser, 633 nm from a HeNe
laser, and 780 nm from a Ti:sapphire laser. Laser powers were
maintained below 1.5 mW for 532 nm and 633 nm and below 10
mW for 780 nm to prevent sample heating. For ARPR
measurements, a 20X microscope objective with a numerical
aperture of 0.25 was employed for focusing the incident light and
collecting the Raman-scattered light. A polarizer and an analyzer
were aligned to ensure parallel linear polarization of the incident
and Raman-scattered light. HWPs were positioned either in the
common optical path (in Figure 1) or in the incident path (in
Figure 6) to manipulate the polarization state of light. Two types
of HWP were employed: three ZHWPs at specific wavelength of
532 nm, 633 nm, and 780 nm with a 180° retardance and
AHWPs with retardances near 180° from 400 nm to 700 nm,
including AHWP#1 with vendor-provided retardance curve and
AHWP#2 with unknown retardance performance.

B RESULTS AND DISCUSSION

ARPR Intensity Profiles of BP Flakes Measured by
ZHWPs and AHWPs. The intensity of a Raman mode is
determined by its Raman tensor and the correspondin
polarization vectors of the incident and Raman-scattered light:”
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Figure 2. ARPR intensity profiles of the A; and Ag2 modes for BP flakes with dgp = 103 nm, measured under the Configuration I shown in Figure 1a,

with 1., = 633 nm. The HWPs used for the measurements are ZHWP (al, b1), AHWP#1 (a2, b2), and AHWP#2 (a3, b3). (c) The theoretical
retardance errors Aa of AHWP#1 (solid line) and three types of ZHWPs (532 nm, 633 nm, and 780 nm, dotted lines) as a function of light wavelength.
The asterisks highlight the Aa of AHWP#1 for 532 nm (dark blue) and 633 nm (magenta).

where R is the Raman tensor of the phonon mode and ¢; and e,
are the unit polarization vectors of the incident and Raman-
scattered light, respectively. Figure 1la illustrates a polarization
configuration (Configuration I) for ARPR measurements, in
which HWP and polarizer are placed in the common optical
path, the analyzer is located in front of the spectrometer, and the
polarization axes of the polarizer and analyzer are parallel to one
another. By rotating the fast axis of the HWP in the common
optical path, both ¢; and e, can be accurately controlled. BP flakes
were mechanically exfoliated onto 90 nm-SiO,/Si substrates,
where the zigzag (ZZ) and armchair (AC) crystallographic
directions are aligned with the X and Z axes, respectively ° (see
Figure 1b). Figure 1c displays the Raman spectra of a BP flake
with dgp = 103 nm excited by A, = 633 nm for e,(e,)||ZZ and

e;(e;)||AC. Two typical Raman modes, i.e., A; and A; modes’’

are observed at 362 cm™! and 466 cm™", respectively. BP crystals
exhibit evident birefringence and linear dichroism ef-
fects, #1607 18:2131=34 resulting in different phase velocities and
penetration depths for the polarized light components aligned
with the two crystallographic axes, as depicted in Figure 1d.
Flake-substrate multilayer dielectrics can further modulate the
light propagation within BP flakes due to the interference effects
of incident and Raman-scattered light.*"*>*® The unusual
ARPR spectra in BP flakes can be explained only by considering
complex Raman tensor,'” which can be understood by the
contribution from the birefringence, linear dichroism and
interference effects and enables a quantitative prediction of
ARPR intensity profiles of specific BP flakes deposited on
dielectric substrates.”’ The Raman tensor R of the A, modes in
BP flakes can be described as

lale 0 0
R(A); =10 bl 0
0 0 lcle™: )

The initial polarization directions of the incident and Raman-
scattered light are aligned with the Z direction, denoted as ¢; = ¢,
=(001)7, and the Jones matrix of the HWP can be represented
as follows:”’

—cosf) 0 sind
JO=| o 1 o
sinf 0 cosd (3)

where 0 represents twice the rotation angle (6/2) of the HWP’s
fast axis relative to the Z axis. In this case, the Raman intensity of
the A, modes can be expressed by

2

1, (0) o |e/J(0) " R:J(0) ¢,

= lal® sin* 0 + Ic? cos* 0 + 2la||clsin® @ cos® O cos D, 4)

where @, = ¢, — ..

To visualize the performances of different HWPs in the
measurements of ARPR intensity profile, we conducted ARPR
measurements based on the Configuration I at a fixed 4., of 633
nm by the corresponding ZHWP, AHWP#1 and AHWP#2, as

shown in Figure 2a,b for the A; and Ag2 modes of BP flake (dpp =

103 nm). The experimental ARPR data acquired by ZHWP and
AHWP#]1 are in excellent agreement with the theoretical fitting
curves (solid lines) based on eq 4. Furthermore, the fitting
parameters obtained in both cases are highly consistent, further
validating the reliability of ARPR fitting using eq 4. However, it
is not the case for ARPR data acquired by AHWP#2, as
illustrated in Figure 2a3,b3, e.g., the experimental results around
45° and 315° (135° and 225°) are smaller (larger) than the
corresponding theoretical values, exhibiting a non-centrosym-
metric ARPR intensity profiles with different fitted Icl/lal and @,
relative to those acquired by the ZHWP and AHWP#1. In fact, it
is evident that the fitted curves for AHWP#2 are significantly
inconsistent with the corresponding experimental data,
suggesting the existence of underlying physical origin for the
measured non-centrosymmetric profiles. Interestingly, although
both AHWP#1 and AHWP#2 are commercial ones designed for
the measurements in the visible range, the corresponding
measurements exhibit very different ARPR intensity profiles.
This discrepancy may result from the nature of the retardance
performances.

Due to the lack of Aa for AHWP#2, here we only
demonstrated the known A.-dependent Aa curve (ie.,
Aa(A.)) of AHWP#1 as a start to investigate the impact of

https://doi.org/10.1021/acs.jpcc.4c07013
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Aca on the ARPR intensity profile. AHWP#1 is designed for A,
in the range of 400—700 nm (solid line), and its Aa(4,,) is
presented in Figure 2¢. For comparison, Figure 2¢ also includes
the Aa(4,,) for the three ZHWPs used in this work, designed for
Aex 0f 532 nm, 633 nm, and 780 nm. It can be seen that AHWP#1
has reliable retardation performances over the range of 400—700
nm, demonstrating its high wavelength compatibility. In
contrast, the Aa(/,,) values of all three ZHWPs can only
achieve Aa = 0° at their designed A.. However, beyond the
designed 4., all the ZHWDPs consistently display very poor
compatibility, indicating that the designed A, range of ZHWPs
for applicable retardance is quite narrow. To facilitate the
comparison of retardance performances between AHWP#1 and
ZHWPs, the A of AHWP#1 at 532 nm (dark blue) and 633 nm
(magenta) are marked with asterisk in Figure 2c. AHWP#1 has a
Aa of —1.6° at 633 nm, which is close to that of the 633 nm
ZHWP. To some extent, this explains why the ARPR intensity
profiles measured with AHWP#1 and the corresponding fitted
results are in agreement with those obtained by the ZHWP at 4,
of 633 nm.

Figure 2c shows that the Ao of AHWP#1 has an approximate
10° deviation at 532 nm with respect to that of the
corresponding ZHWP, quite different from the case at 633
nm. Such a significant Aa may have a noticeable impact on the
ARPR intensity profile. Therefore, to further verify the
correlation between the asymmetric ARPR intensity profiles
and the Aa of the AHWPs used, we conducted ARPR

measurements on the A; mode of BP flakes with different dyp

using both AHWP#1 and ZHWP at A, = 532 nm, as shown in
Figure 3. The ARPR intensity profiles measured with ZHWP are

dgp=48nm dgp=103nm dgp=192nm

(@1) Aa=0° (a2) Aa=0° (@3) Aa=0°
o

=

T

N

(b1) Aa=10°

3

o

=

T

<

Figure 3. ARPR intensity profiles of the A; mode obtained by ZHWPs

and AHWP#1 at A, of 532 nm. (al)—(a3) show the profiles measured
by ZHWPs, while (b1)—(b3) show the profiles measured by AHWP#1.

centrosymmetric for all dgp (Figure 3a). In contrast, the ARPR
intensity profiles obtained with AHWP#1 lack centrosymmetry
and exhibit similar distortions as in Figure 3b for all dyp, in which
the Raman intensity for each 6 (—90° < 0 < 90°) is smaller than
that of @ + 180°. This confirms that the distortion behavior of the
ARPR intensity profiles is indeed induced by the large Aa
(~10°) of the AHWPs.

To precisely understand the ARPR intensity profiles
measured by imperfect HWPs, real nonzero Aa should be
considered for eq 3. The generalized expression for the Jones

matrix of the AHWP is given below (see details in Supporting
Information):>’

—ilAa

0 7 i (4
—cos®~e +sin®= 0 (1 4 e ) cos—sin—
2 2 2 2

J(0, Aa) = 0 1 0

i 0. 0 [ 0 _;
(14 e™cos—sin— 0 cos’~ — sin’—e ‘27
22 2 2

(8)
The incident and Raman-scattered light exhibits different
wavelengths, e.g., the wavelength difference between A, of 532

nm and the corresponding wavelength of the A; mode of BP

flakes is about 13 nm, while that of the G mode in graphite can
reach up to about 50 nm. Therefore, different Aa between the
incident and Raman-scattered light should be considered to
quantitatively interpret the measured ARPR intensity profile of
the Raman mode with the frequency being fairly large for non-
ignorable Aa. To clarify, let Aa; and Aq, represent the
retardance errors of the HWP at the wavelengths for the incident
and Raman-scattered light, and J(6, Aa;) and J(6, Aa,) for the
corresponding Jones matrices, respectively. By substituting J(6,
Aa;) andJ(6, Aa,) into eq 4, the Raman intensity of the A, mode
as a function of 8, Aa;, and Aa, can be derived (similar to eq SS
in Supporting Information):

IAg(H, Aa, Aa) [l J(0, Aa) " -RJ(0, A(x,.)~ei|2

2 2 Aay 5 Acg
= lal” cos” —* cos
2

+ %Icl2[4 — (1 = cos 20)(1 + cos Aa;)]

X [4 — (1 — cos 20)(1 + cos Aq,)]

+ 2lal|
% Aa, Ao, . Aa; | Agg
2 2 2 2

X cos @, — 2lal|

< si Aa; + Aa, ®
SIn —— SIn
2 “ (6)

The three ZHWPs and AHWP#1 exhibit a small a difference
less than 7.5° between the incident and Raman-scattered light of
the A, modes in BP flakes for 4., of both 532 nm, 633 nm, and
780 nm (see details in Supportlng Informatlon) Therefore, here
we reasonably assume that Aa, % Aa; = Aa, where Aa
represents the retardance error of the HWP used corresponding
to the incident wavelength. Based on the above approximation
and eq 6, a simplified expression for the Raman intensity of the
A, modes of BP flakes can be obtained as follows,

1, (0, Aa) leX J(0, Aa) ' RJ(9, Aa)-el*
A Aa)
= |af* cos* 2a sin* 0 + Iclz(l — sin? 0 coszl)
2 2
A A A
+ 2la||clcos 22 in? H(COSZicoszf) - sinzl]cos D,
2 2 2
— cos @ sin Aa sin @ (7)

When Aa = 0°, eq 7 can be simplified to eq 4, while when Aa #
0°, IAg(Q, Aa) # IAg(Q + 180°, Aa), except for @ = 0° or 180°,
quantitatively explaining the non-centrosymmetric ARPR
intensity profile measured by the AHWP#1 at A, of 532 nm,
as shown in Figure 3b.

By substituting the theoretical Aar (10°) of the AHWP#1 in
Figure 2¢ into eq 7, we obtained the theoretical ARPR intensity

https://doi.org/10.1021/acs.jpcc.4c07013
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profiles (solid lines in Figure 3b), in good agreement with the
experimental ones. Additionally, we summarized the ARPR

intensity profiles of the A; mode of the corresponding BP flakes
in Figure S1 of the Supporting Information, where less
discrepancy was observed for the measurements by ZHWPs
and AHWP#1, in contrast to the case for the Ag2 mode. This may

arise from the smaller value of @, for the A; mode (see details in

Supporting Information).'*'”'® Detailed analysis shows that a

HWP with Aa less than 5° for both the incident and Raman-
scattered light can be utilized to acquire accurate and reliable
ARPR intensity profiles for ALMs in the ARPR measurements.

Determining the Unknown Aa. As the ARPR intensity
profiles of the A; mode of BP flakes is sensitive to Aa, we can

also determine the unknown Aa of specific HWP by fitting the
corresponding ARPR intensity profile with eq 7. Figure 4a shows

(al)  AHWP#2 (b1) AHWP#2 (c1) AHWP#2 (d1) AHWP#1

a1 %
ef

Aex=532nm

Figure 4. ARPR intensity profiles of the A; mode measured by
AHWP#2 at A, of (a) 532 nm, (b) 633 nm, and (c) 780 nm,
respectively. (d) ARPR intensity profiles of the Ag2 mode obtained with
AHWP#1 for A, = 780 nm. dgp are (al—d1) 48 nm, (a2—d2) 103 nm,
and (a3—d3) 192 nm, respectively. The solid circles are experimental
results. The solid lines are the fitting curves calculated with the mean
fitted A, which are labeled beneath their corresponding panels.

the ARPR intensity profiles of the A; mode for three BP flakes

with varying dgp for 4., = 532 nm, measured by AHWP#2. By
fitting the ARPR intensity profiles with eq 7, Aa can be
obtained, as shown in Table 1. All the Aa acquired from BP
flakes with different dpp are in close proximity to each other. The
calculated ARPR intensity profiles with the average fitted Aa in

Table 1. Fitted Ax from ARPR intensity profiles of the A;

mode by eq 7 in Figure 4 when A, = $32 nm, 633 nm, and 780
nm

Aa(AHWP#2) Aa(AHWP#1)

dgp (nm) A, =532nm A,=633nm A,=780nm A, =780 nm

48 —102° £0.9° 15.1°+2.1° 43.5°+4.0° -19.1°+ 1.7°

103 —102°+1.4° 163°+1.3° 41.6°+52° —182°+ 1.6°

192 —827°+1.6° 14.0°+1.2° 36.1°+2.8° —174°+09°
mean value —9.5° 15.1° 40.4° —18.2°

Table 1 based on eq 7 agree well with the experimental results.
The Aa at 633 and 780 nm are determined with the similar
process by fitting the ARPR intensity profiles in Figure 4b,c, as
listed in Table 1. For AHWP#2, the average fitted Aa changes
significantly from —9.5° at 633 nm to 40.4° at 780 nm, resulting
in significant non-centrosymmetry ARPR intensity profiles.
Similarly, we measured the ARPR intensity profiles by AHWP#1
at A, of 780 nm (Figure 4d), and the fitting by eq 7 gives a mean
Aa of —18.2°. The sign of Aa determines the non-
centrosymmetric features of the ARPR intensity profile. For
example, a positive (negative) Aa leads to smaller (larger)
Raman intensity at 8 (—90° < 6 < 90°) than that at 6 + 180° in

the ARPR intensity profiles of the Ag2 mode in BP flakes, as

depicted in Figure 4c,d. In addition, we utilized the average Aa
fitted from the Ag2 modes in Table 1 to predict the ARPR

intensity profiles for the A; modes (Figure S2 of the Supporting

Information), which are also in good agreement with the
experimental ones.

To establish a standard methodology for evaluating the
performance of HWPs via ARPR intensity profiles, we further

illustrate the evolution of the ARPR intensity profiles of the A;

mode of bulk BP (dgp > 20 um) as Aa varies from —20° to 20° in
10° increments per step. The corresponding ARPR intensity
profiles at 4., = 532 nm, 633 nm, and 780 nm are depicted in
Figure S(a-c), respectively. The intrinsic ARPR intensity profiles
measured with ZHWP (Aa = 0°) exhibit centrosymmetric
characteristics. With the increase in magnitude of Aq, the
calculated ARPR intensity profiles by eq 7 gradually deviates
from centrosymmetry. The sign of Aa determines its non-
centrosymmetric features, similar to the case of BP flakes (dpp =
192 nm) in Figure 4. The ARPR intensity profiles at 633 and 780
nm exhibit similar evolution with Aa. Thus, bulk BP (dgp > 20
um) can be effectively utilized to evaluate the performance of a
HWP.

HWP in the Incident Optical Path: Insensitive ARPR
Intensity Profile to Aa. We also consider another common
polarization conﬁguration27 (Configuration II) for the ARPR
measurements depicted in Figure 6a, where the polarizer and
HWP are placed in the incident optical path. In Configuration II,
only the polarization state of ¢ is altered by rotating the HWP,
while the analyzer is kept unchanged. The initial incident and
Raman-scattered light polarization directions remain aligned
with the Z axis, which is parallel to the AC direction of the BP
flake in Figure 6b, and ¢; = ¢, = (0 0 1)”. Given that only ¢, is
affected by the HWP, the Raman intensity of an A, mode can be
expressed as

IAg(H, Aa) « lel RJ(0, Aa)-el* = |c|2(1 — sin® 0 cos® %]

(8)
In this polarization configuration, the Raman tensor element
(Iclei(/i) does not impact the shape of ARPR intensity profiles, and
hence, the profiles for the Ag} and Ag2 modes should be the same,

as shown in Figure 6¢,d. For A, of 780 nm, although the
difference in Aa between the ZHWP and AHWP#1 reaches up
to 18.2° as shown in Table 1, the ARPR intensity profiles
measured by the ZHWP and AHWP#1 are almost the same, as

depicted in Figure 6¢1,c2 for the A; mode (or Figure 6d1,d2 for
the A; mode). This suggests that the ARPR intensity profiles are

quite insensitive to A in this polarization configuration. This
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Figure S. ARPR intensity profiles of the A; mode as a function of A at 4, of (a) 532 nm, (b) 633 nm, and (c) 780 nm for bulk BP with dgp > 20 um.
Solid lines represent the fitting curves by eq 7, while experimental data measured with ZHWPs (Aa = 0°) are denoted by solid circles.
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Figure 6. (a) Schematic diagram for ARPR measurements under the parallel polarization configuration, with the HWP and polarizer positioned in the
incident optical path. (b) Crystallographic structure of BP from the side and top views. ARPR intensity profiles of the (c) A; and (d) Ag2 modes of a BP

flake measured by a (c1, d1) ZHWP and (c2, d2) AHWP#1. (e) Crystallographic structure of MoTe, from the side and top views. ARPR intensity
profiles of the (f) Ajgand (2) Eyymodes of a MoTe, flake with thickness of 236 nm obtained by a (f1,g1) ZHWP and (£2, g2) AHWP#1. 1., = 780 nm.
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phenomenon is understandable since only the polarization state
of the incident light is changed by the HWP.

Besides the anisotropic BP, we further investigated the
evolution of ARPR intensity profiles for an isotropic MoTe,
flake with thickness of 236 nm to examine the above effect.
Following the conventional practice, the initial polarization
directions of the incident and Raman-scattered light are aligned

with the X axis of MoTe, (Figure 6e), and e, = ¢, = (10 0)’.

The Jones matrix J'(6, Aa) of the HWP in this coordinate
system of MoTe, flakes can be written as follows:*’

0 .20 i i 0.0
coszz - snge Ba (] 4 ’A”)cos;smg 0
/
= i 0.0 . 20 0 i
J (0, Aa) (1 + e cosZsin?  sin®s — cos?Ze AT 0
Phinr) 2 2
0 0 1 9)

The two characteristic phonons of MoTe, flakes are the A, and

E), modes, whose Raman tensors are
a 00 0 c o|f o o
R(Alg)= 0 d 0} R(Ezg)= ¢ 0 opfo = 0
0 0V 00 0)l0O O O
(10)

Thus, the ARPR intensity profiles of the A, and E,, modes of
MoTe, flake are expressed as follows:

1, (0, Aa) o le] RY (0, M)’ = |u'|2(1 — sin%) cosz%)

(11)
I, (6, Aa) D el RY (0, Aa)-ef = I (12)

Based on the above analysis, Aa has insignificant impact on the
ARPR intensity profiles of the Ay mode, as shown in Figure 6f,
similar to the case of the Ay mode of BP flake. As for the isotropic
E,, mode, the Raman intensity keeps constant, independent of
Aa (Figure 6g). The ARPR intensity profiles measured by
AHWP#1 placed in the incident optical path resemble those of
the ZHWP. Obviously, this configuration cannot discern the
performance of HWPs.

When the retardance performance of a HWP is unavailable, it
becomes challenging to assess the impact of Aa on the ARPR
intensity profiles in Configuration IL In contrast, such an impact
is much easier to be revealed when the HWP is placed in the
common optical path (Configuration I, Figure 1a), as discussed
above. Therefore, under the Configuration I, as shown in Figure
6a, the optical properties of anisotropic materials cannot be
correctly probed from the corresponding ARPR intensity
profiles, especially when an imperfect HWP far beyond its
designed wavelength range is used for ARPR measurements.

B CONCLUSIONS

We revealed the retardance error of a HWP can significantly
modify the ARPR intensity profiles of BP flakes when it is placed
within the common optical path of the incident and Raman-
scattered light, leading to non-centrosymmetric ARPR intensity
profiles. With A« increasing, the non-centrosymmetric feature
becomes more evident, which can be well reproduced by
considering the Jones matrix of the HWP. Additionally, we
proposed a methodology to determine the unknown retardance
of a HWP. We further illustrated that the polarization
configuration with a HWP and polarizer positioned in the
incident optical path is not suitable for accurately quantifying the
performance of the HWP by fitting ARPR intensity profiles of
BP flakes. This comprehensive study significantly advances

ARPR measurement techniques by the imperfect HWP for the
Raman mode with the frequency as large as much for non-
ignorable retardance error in the ARPR measurement.
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Jones matrices of a half-wave plate with Aa in general-
ized form

In Jones-space, the polarization state of light is represented by a 2x1 Jones vector, while a
polarization element is depicted by a 2x2 Jones matrix.” For a polarized light transmitting
through a waveplate, an additional retardance (§) will be introduced between the polarized

components along fast and slow axes of the waveplate. For a half-wave plate (HWP), § =
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180°. When the fast axis is aligned with the Z axis and the slow axis with the X axis in the

laboratory coordinate system, the Jones matrix is given by:"

e 0 0
Jo@)=|[ o0 1 0]- (S1)
0 01

When the waveplate is rotated along the Y-axis by [, the rotated Jones matrix can be

written as:”

J(8,6) = T(8)Jo(0)T(—p)

cosB 0 —sinB\ [e ™ 0 0 cos3 0 sinf

=1 0 1 0 0 10 0 1 0

sin 0 cosf 0 0 1) \—sin8 0 cosp (52)
cos? Be @ +sin? 3 0 (1 —e ) cosBsinf

= 0 1 0 )

(1—e®)cosBsinfB 0 cos? B+ sin? Be™?

where T'(/3) represents the rotation matrix. Let us define the retardance error Ao = § —180°,

and the Jones matrix of the HWP becomes a function of 5 and Aa:

—cos? e £sin? B 0 (1 + e "2%) cos Bsin 3
J(3, Aar) = 0 1 0 : (S3)

(14 e cosBsinB 0 cos? 3 — sin® fe ™A

Indeed, when Aa = 0°, Eq.(83) transforms into Eq.(3), where § = 6/2. This laboratory
coordinate system described above aligns with the customary coordinate system for the BP
flakes (Figure 1(b)). The customary coordinate system for MoTe, is different, where the

initial fast axis is aligned with the X axis and the slow axis is aligned with the Y axis, as
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shown in Figure 6(e), the initial Jones matrix and associated rotation matrix (with waveplate

rotated along the Z axis by /) become:

1 0 0 cosf —sinfg 0
Jo0) =10 e® o], TB) =|sing cosB 0]- (54)
0 0 1 0 0 1

The corresponding form of the Jones matrix (Eq.(9)) in the customary coordinate system of

MoTe; can be derived from Eq. (582).

General formulism of ARPR intensity profile measured
by a half-wave plate with Aa and its non-dispersion ap-
proximation

The Jones matrix for imperfect HWP differ for the incident (laser) and Raman-scattered
light (Raman signal), due to the incident and Raman-scattered light exhibiting different
wavelengths. For clarity, let Aoy and Aag represent the retardance errors of the HWP at
the wavelengths for incident and Raman-scattered light, and J(0, Ac;) and J(0, Aag) for the
corresponding Jones matrices, respectively. By substituting J(0, Aa;) and J(0, Aag) into

Eq.(4), the Raman intensity of the A; mode as a function of 0, Awe; and Acy is derived
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(similar to the Eq. (6) in main text):

L4, (0, Aas, Aay) o |€ - J(0, Aag)™ R - J(0, Aay) - &
Aoy JAN T
= |a|? cos® 82 cos® £ sin* §

+ 2[4 — (1 — cos260) (1 + cos Aq;)][4 — (1 — cos 20)(1 + cos Aay)]

+ 2|a|c|cos B2 cos A2sin?0 (cos B2t cos B2 cos’f — sinSisinA2 ) cos®y,
— 2|al |C|COS%COS%SiDQOCOSQSin%Sﬁl@M.

(S5)
Here we only consider the case where both the wavelengths of the incident and the Raman-
scattered light lie within the designed wavelength range of the HWP. For the cases that the
wavelengths being outside the designed wavelength range of the HWPs, it becomes necessary
to consider the most general form Eq. (85). When the retardance errors of the HWP, |Aqy|
and |Aag|, are small, the sum of first three terms is close to the intensity I,,(f) measured

with a ZHWP described by Eq.(4). Thus, the expression Eq.(8H) yields:

Ia,(0, Aoy, Acy) o T4, (6) + AI(B, Aoy, Aay), (56)

where AI(0, Aa;, Aas) ~ —2|a||c|sin®@cosfsin2%E2%gind,,.. In this case, the deviation on
the ARPR intensity caused by retardance errors of the HWP is proportional to sin (%)
If the wavelength difference between the incident and Raman-scattered light is negligible,
a non-dispersion approximation for the retardance of HWPs gives Ay ~ Aag. Then the
deviation on ARPR intensity from the results in ZHWP, 14 (6), is proportional to sin(Acy).

Therefore, the estimated calculation error based on Eq.(85) and further non-dispersion ap-

proximation (Eq. (7)) can be expressed as:

‘sin (%) — sin(Aai)‘ ~~ 2sin (‘ALQAO‘Sl> ) (S7)
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When |Aq; — Aay| is significant, it becomes necessary to take Aq; and Aqyg into account
separately. This is particularly important when the signs of Aa; and Aag are opposite, as
the value of AI(6, Aoy, Acy) could over twice that of AI(6, A«). In such cases, fitting with
Eq. (83) will yield more accurate results.

To roughly estimate the conditions of non-dispersion approximation for validity, it should
be notice that in Fig. 2(c), ZHWPs show much poor wavelength compatibility when com-
pared to AHWP#1. At A, of 780 nm, the theoretical |[Ac; — Aag| of the corresponding
ZHWP reaches up to about 7.5° for the A> mode (~ 30 nm) of BP flakes. However, all
the cases of ZHWPs shown in Fig. 3(al, bl), Fig. 4(a) and Fig. 5 demonstrate that the
ARPR intensity profiles measured by ZHWPs do not exhibit any appreciable asymmetry and
match the fitted curves well based on Eq. (4). Consequently, at least for the cases satisfing
|Ac; — Aayg| < 7.5°, the difference between Aq; and Aag can be neglected feasibly. While
for the cases of |[Aq; — Aag| > 7.5°, we would recommend considering Eq.(85) for fitting the
ARPR intensity profiles. A more precise criterion for |Aq; — Acag| may require additional
experiments, yet this goes beyond the scope of this work.

In summary, if the retardance performance of a HWP is available, the necessity to account
for |Aa; — Aag|. Specifically, Eq. (4) is feasible for ZHWP cases (A, being the specific
designed wavelength), and Eq. (7) is applicable to the AHWP cases when |Aq; — Aag| <
7.5°, otherwise one should consider Eq.(83) with the cases of |[Aa; — Aag| > 7.5°. However,
when the retardance curve of a HWP is unknown, Eq.(83) should be recommended in fitting,

taking into account the various factors discussed above.
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Insensitive ARPR intensity of A; mode to A«

The Eq.(7) for Raman intensity of A, mode as a function of # and A« can be divided into

four terms:

I4,(0,Ac) o €] - J(0,A0)" - R-J(0, Ac) - &

= |a|? cos® &2 sin* 0 + |c|* (1 — sin®  cos® %)2
(S8)
28a
2

2 Ax

+ 2|al|c|cos® £2sin®6 (cos®£2cos’d — sin® 22 ) cosPq,

2 Ax

— 2|al|c|cos®S2sin*fcosfsinAasind,,..

When |Aa| is small, the sum of first three terms is close to the intensity I4,(f) measured

with a ZHWP described by Eq.(4). Therefore, the Eq.(83) can be approximated as:

L4, (0, Aa) o €] - J(0,A0)7" - R - J(0, Ac) - &
(59)
~ [Ag ((9) + Al
where AT = —2[al|c|cos? 42sin®fcosfsinAasin®,.. Due to the small @, for A} mode in BP

flakes,? 5 AT for Aé mode should be close to zero. Thus, the ARPR intensity profiles of Aé

mode in BP flakes are insensitive to Aa when A« is not large.
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dgp=48nm dgp=103nm dgp=192nm
(a1) Aa=0° (a2) Aa=0° (a3) Ao=0°

—_

Aex=532nm

Figure S1: ARPR intensity profiles of A; mode in BP flakes with various dpp, obtained with ZHWPs
and AHWP#1 at Aex of 532 nm (al-a3) show profiles obtained with ZHWPs, while (b1-b3) show profiles
obtained with AHWP#1. The associated A« values are annotated above each profiles.
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(al) AHWP#2 (b1) AHWP#2 (c1) AHWP#2 (d1) AHWP#1

Ao=-18.2°
Aex=532nm Aex=633nm Aex=780nm

Figure S2: (a)-(c) ARPR intensity profiles of A} mode of BP flakes with different dgp, measured with
AHWP#2, with excitation wavelengths of 532 nm, 633 nm, and 780 nm, respectively. (d) ARPR intensity
profiles of Ag mode obtained with AHWP#1 under 780 nm excitation. The pink curves are the theoretical
results using the mean A« from A; mode in Table 1.
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